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FUNDAMENTAL SOLUTIONS IN PROBLEMS OF BENDING
OF ANISOTROPIC PLATES

V. N. Maksimenko and E. G. Podruzhin UDC 539.3

Fundamental solutions based on the engineering theory of bending of thin anisotropic plates (Kirchhoff-

Love hypotheses) are constructed for anisotropic, in particular, orthotropic plates of canonical plan

form (half-plane, quadrant, band, half-band, rectangle, and unbounded plate with an elliptic hole).
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Fundamental solutions (solutions for point loads and dislocations) play an important role in solving problems
of elastic extension and bending of anisotropic plates. The fundamental solutions given, solutions of the problem
of plates subjected to loads distributed along lines or sites (regions) can be constructed by integration. In the case
of bending of anisotropic plates with stress concentrators such as cuts, holes, and cracks, the knowledge of the
fundamental solutions allows one to write potential representations at the stress-concentrator contour in the form of
the Cauchy-type integrals and solve the boundary-value problem by a numerical method. Moreover, some boundary
conditions at the plate contour can be satisfied automatically, which facilitates the numerical implementation. The
solutions given below are compared with the known solutions for isotropic plates [1].

1. Let a homogeneous plate made of a material with rectilinear anisotropy (not necessarily orthotropy)
occupy the domain D = {|z| < oo, |y| < oco}. At the point 7 with the coordinates x = £ and y = n, the following
point loads are applied: the point transverse force P, and the point bending moments M, and M,. According
to the classical theory of bending of thin anisotropic plates [2], the Lekhnitskii elastic complex potentials can be
written as

@, () = Ey(2,7) + My (20,7), Ep(z,7) = Ayln(z — 1), M)(2,7)=By/(2 — 1),
z, = Rez + p, Im 2, T, =&+ (v=1,2); (1)
pv(zv) = Av[n (2, — 7) = (20 = 7) + BuIn (2, — 7)) + Dy,
F(2)=A, (2, —7,)[In(2, —7,) —3/2]/2+ B,(2, — 7,)[In (2, — 7,) = 1] + D2, + G,

F,i/(z,,) =d,(z), 80:/(21/) = ‘IJ,,(Z,,) (v= 172)~

Here, the term El(z,,7) corresponds to the point force P, and the term M}(z,,7) to the point bending moment
with the components M, and M,. The terms D, z, + G, in the expression for F,(z,) determine the displacement
of the plate as a rigid body; A, and B, are unknown complex constants.

The functions ¢, (z,) and F,(z,) are multivalued functions. Since these functions are expressed in terms
of the multivalued function In (z, — 7,,), they acquire the following increments upon circulating along an arbitrary
loop L around the point 7 = & + in:

{ov(z0)} = 2mi[Au(z — 1) + Bu),  {®u(2)} = 2miA,,

{F,(2,)}r = 27i[A, (2, — 7,)%/2 + B, (2, — 7)), v=1,2.
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The equations for determining A, and B, follow from the condition of single-valuedness of tangential dis-
placements and deflections of the plate (u + v, w) and from the equation of equilibrium of the part of the plate
bounded by the contour L:

2

k—2 ~k—2 1 .
S A, — aF24,) = k=T,4), = fi=0(j=24),
(ILLD M‘l/ ) fk' ( ) fl 27T7/D11 J O (] )
v=1 (2)
2 M, M,
k—2 —k—21 Y T
B, — B,))=d k=1,4), dy = - , dy = - , d3=dy=0.
Z (H’y Mo ) k ( ) ! 27TZD11 4 27T’LD22 3 2

v=1
Here D11 and Dss are the flexural rigidities of the plate in the x and y directions, respectively.
We denote the angle between the principal direction of orthotropy E; and the x axis by . For an orthotropic
material, we obtain p; o = £a+i0 for ¢ = 0. In this case, we have Im A; = —Im Ay and A, is given by the simple
expression

Avs = |1 *P.(a FiB)/(167aBD1y).

2. We consider an anisotropic half-plane D = {x > 0, |y| < oo} clamped along the line = 0. Let a point
force P, be applied to the point with the coordinates x = £ and y = 7. Using the analogy between the plane
problem and the problem of plate bending [3], we write the complex potentials

D,(z,) = Ez(z,,, 7)=A,In v T Ty + Aql,s, 1n Suzi_ n + Asny,m, In —m'/zf T ,
My M1 M2
- . . . (3)
H3—p — U1 M1 H3—v — K2 H2
lljzia SV:_7 nl/:77 mIJ:_? V:172'
Hy — H3—v My My — U3—p 12%%

With accuracy to a complex constant, the first term in (3) is the solution of the problem of an infinite plate
loaded by a point force. The second and third terms are functions regular in the domain considered and satisfy the
clamped boundary conditions (w = w, = 0) along the line x = 0 if the complex constants I/, and n, are chosen
properly (a somewhat different form of the solution for an anisotropic clamped half-plane is given in [4]).

For the free edge of the half-plane x = 0, the boundary condition yields a system of equations for the
constants [, and n,

lip1s1 + lapas2 = —pa, histquut + las3qaps = — G5 iy,
nip1mi + nopemo = —pa, nimiqus + namiqeps = — 33,
which implies that
|, = PP/ = @pa/ i o= axD2/ iz — @2pr/ 1ix C A=3-u ()
QPr /A — OPw/ b Qupr/1x — ODw /s
For the simply supported edge (x = 0) of the half-plane, the boundary condition yields
lipis1 + lap2s2 = —pu, Lisy' 4 1lpsy ' = —1,
nip1mi + napamse = —pa, nimy !+ nomy T = —1,

and accordingly,

[ b/ = b/ o = B2pa 1o — b/ 2

U ety — pupa /i U b/l = bwba/ b

We consider an orthotropic (¢ = 0) half-plane D = {x > 0, |y| < oo} with the simply supported edge x = 0.
Let two equal but opposite point forces be applied to the infinite plate symmetrically about the y axis. Using the
superposition principle, we obtain the complex potentials for a simply supported half-plane bent by a point force

P, (2) = ES(ZIMT) = Ei(zuﬂ—) - Ei(zw —7)=A/In((zv — 1)/ (20 + 7)),

Tj:f‘#unv V:1a2'
This formula can be derived from (3) by changing the elastic parameters with allowance for material orthotropy.
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Fig. 1

3. We consider a quadrant (the first quarter of the complex plane) and set ¢ = 0. Let the semi-infinite
orthotropic plate with a simply supported edge be loaded by oppositely directed point forces symmetrically about
the x axis. In this case, we obtain the solution for a point force applied to an internal point of the quadrant simply
supported along the sides x = 0 and y = 0:

D, (2,) = E:f(z,,,T) = Ei(ZV,T) + Ei(zy, —T) — El(zwi') - E;(zm —-7),

v

(2 —71)(z + 1) *
, T, =§— , v=1,2
o)) T
We consider an orthotropic half-plane D = {z > 0, |y| < oo}, ¢ = 0 clamped along the line z = 0. Let two
equal but opposite point forces be applied to the orthotropic half-plane symmetrically about the x axis. In this
case, we obtain the solution of the problem of bending of an orthotropic quadrant (z > 0, y > 0) clamped along
the side = 0 and simply supported along the side y = 0. The complex potentials have the form

(I)V(ZV) = EE(ZVJ) = E3(2V7T) - Eg(zuﬁ')’

D,(z,)=A,In

Zy Spzy — T MmyZ2, — To

—Tv T 1 T
-+ Aql,s, In — + Agn,my, In —,
Zy — T} Spzy — T4 My2y — T3

D,(z,)=A4,1n

T::f—uyn7 V:1,2.
4. Let an anisotropic plane be loaded by a periodic system of point forces applied to a line parallel to the z

axis. In this case, one should replace In (z, — 7)) in (1) by In{sin [w(z, — 7,x)]}. As a result, the complex potentials
become

®,(2,) = ES(2,,7) = A, In{sin [w(z, — 7u1)]},

5
w=ma/l, =1, +kl (k=0,£1,£2,..., +00). 5)
Here [ is the period of the applied load.
We consider the orthotropic plane (¢ = 0) loaded by two periodic systems of point forces (Fig. 1). Using
the superposition principle and bearing in mind Eq. (5), we obtain the following complex potentials in the problem
of bending of an infinite band (of width [) loaded by a point force at an arbitrary point:

D,(z,) = EZ(zl,, 7) = A, In{sin [w(z, — 7ux)]/ sin [w(z, — tui)]},
tuk = _§+/1'V77+2l(k5+1)7 Tvk :§+Nyn+2klv (6)

w=n/@2), tu—T=20—-¢ (k=0,+1,+2,..., 4c0).

It should be noted that the antiderivative of the function ®,(z,) as well as the functions ¢, (z,) = F)(z,)
in formulas (5) and (6) are expressed in the form of infinite series [1, 5].

5. Let an orthotropic half-band D = {0 < y < 00, 0 < z < I}, ¢ = 0 with simply supported edges be loaded
by a point force at the point 7 = £ 4in. The corresponding solution can be obtained by summation of the solutions
for the system shown in Fig. 2.
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The complex potentials become

sin [w(zy — k)] sin [w(z, — tZk)]>7

() = Bj(zm) = Avin (5 [0(z0 — fo1)] sin [w(z0 — 72,)]

tuk = _€+MV77+ 2l(k+ 1)7 Tk =& +/14V77+2kl7 t;k =—-§— Hon + 2l(k+ 1)7 thk =& — o+ 2Kkl,

=7/(2l), tuk — Tk =ty — Top = 2(1 = &) (k=0,£1,£2,...,4+00).

Given the solution for a simply supported half-band, one can obtain the solution for an orthotropic (¢ = 0)
rectangular plate with simply supported edges. To this end, it is necessary to apply a load to the band (Fig. 3). In
this case, the complex potentials are written as an infinite series

@y (2) = Bl (a7 ZAI (Sl — ] sinfole i)y

n
sin | (z,, — tukn)] sin[w(z, — 75,.)]

tukn = —& + (0 +n2ly) + 2l(k + 1), Tukn = & + pu(n +n2ly) + 2KI,
togn = —& — (0 +n20) + 2l(k + 1), Tokn = & — Hu(n +n2ly) + 2KI,
w = 77/(2l)7 tukn — Tokn = t::kn - T:Im = 2(l - 5)

(k=0,+1,42,..., 400, n=0,1,2,3,...,00).

This series converges rapidly; hence, three or four first terms suffice to determine the static or kinematic quantities.

6. Let us consider an orthotropic half-band D = {0 < y < o0, 0 < © < I}, ¢ = 0 whose semi-infinite edges
x = 0,[ are simply supported and the side y = 0 of length [ is clamped. The solution of the problem of this plate
loaded by a point force can be obtained by summation of the solution of the system shown in Fig. 4. For the upper
half-plane y > 0, the complex potentials (3) become

®,(z,) = A, In(z, — 7)) + A1l In (2, — 71) + Aony, In (2, — 7).
The solution for the upper half-plane loaded by a periodic system of point forces can be written as

®,(2,) = EX(z,,7) = A, In{sin [w(z, — 7,1)]} + A1l In {sin [w(z, — 71x)]} + Aon, In {sin [w(z, — Tor)]},

w=m/(2]), ok = &+ puyn + 21k,
For the half-band (Fig. 4), the complex potentials become
®,(2,) = Bz, 7) = EX(2,,7) — BV (2,,1)

sin [w(z - 7)o« sin [w(z, — Tok)]

+ Al In == Aoy In — = (7)
] sin

— A, In E[W(ZV*Tvk)}

[w(zy — tur)]
=x/(20), Tok = € + p,n + 2Lk, tuk = =€+ pn + 20(k+ 1) (k=0,4£1,£2,43,...,£00).
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Using the complex potentials obtained above, by analogy with the clamped half-plane, one can obtain the
fundamental solutions for an orthotropic quadrant with free and simply supported edges and the solution for a
half-band with a free finite edge and simply supported semi-infinite edges. The relations for a simply supported
orthotropic half-band can be obtained directly from (7) by replacing the elastic parameters with allowance for
orthotropy (for the corresponding values of [, and n,).

7. The fundamental solutions obtained above can be used to construct complex potentials (for the domains
mentioned above) in the case of a pair of point forces with a unit moment M = exp (it)) applied at the point
T=E4

d
®,(2,) = M¥(2,,7,9) = P [E¥(2,, T + sexp (iY)))] s=o, v=12.
s
In this case, the complex constants A, are replaced by B,:

B, = ADH(1/))? H(#’) = cost + p, sin .

8. We consider an infinite anisotropic plate with an elliptic hole A (Fig. 5). The coordinate origin is located
at the center of the ellipse, and the z and y axes coincide with the axes of the ellipse (a and b are the semiaxes of
the ellipse). Using the procedure proposed by Grilitskii [6] and taking into account the analogy between the plane
problem and the problem of plate bending, we obtain the solution of the problem of a plate with an elliptic hole
loaded by a point force:
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P(z,) = Eiz(zuﬂ—) = w{,(@,,)_l[A,,\I/,,(Q,) In (¢, — )

F LAY (G) I (G =)+ 0 AW (CG) In (G = 72) + (G, )] (8)
In deriving this relation, we used the conformal mappings of the exterior of a unit circle v = |o| = 1 onto the
exterior of the elliptic holes A, in the planes z, =  + p,y and A (in the plane z = x + iy):
B a—iub a+ipb 1 _ _a+b a-b1l
zy = wy(G) = B) G+ B G’ z=w(() = B) ¢+ 2 ¢ 9)

and the inverse functions

L — 12/_ 2 lQ/bQ _ 2 _ 42 b2
= Gla) = VRN ) - VPR ), (10)

The functions ¥, (¢,), ¥4 (¢,) (i = 1,2), and ¥3((,,n,) are analytical outside the unit circle.
If a point bending moment is applied to the plate, the complex potentials become

(I)U(Zu) = MJQ(ZV,T) =

1 B,, ll,Bl TLVBQ
wl’/(gl/) <CV — M * Cu((uﬁl - 1) * CV(CVﬁz - 1)) (11)
The boundary conditions at the contour of the hole A are determined by the values of [, and n,,. If the hole contour
is clamped or free, the quantities [, and n, should be found from (3) or (4), respectively. The complex constants B,
are determined above (see Sec. 7).

It should be noted that the problem cannot be solved if mixed boundary conditions (w = 0 and M,, = 0)
are specified at the contour of the elliptic hole, because the boundary conditions cannot be written in terms of the
functions ¢, (z,). This is possible in the case of kinematic or static boundary conditions [2].

9. The solution of the problem of a plate with a rectilinear cut under point loads can be obtained from
(8)—(11) by setting b = 0. In particular, for a point moment we obtain

B, By[I(z,) — I(1)]

% —T, 2 22—a?(z, — 1)

P(z,) = Mis('sz) =

Bil,[I(z,) — I(71)] n Bon, [1(z,) — I(72)]
2(z, — 71) 2(zy — T2) ’

I(z) =22 —a? — 2.

Changing the variables 2’ = z+a and 7/ = 7+ a, from the last expression we obtain the solution of the problem of a
plate with a rectilinear cut along the real axis 0 < x < 2a loaded by a point moment. Passing to the limit as a — oo,
we find the solution of the problem of a plate with a semi-infinite cut along the real axis sector L = {0 < z < oo,
y = 0} subjected to a point moment:

B B 1
B(z) = MP(z,7) = v v
(Z) Y (Z ’T) v — Ty 2 \/zV(\/Zl/—i_\/TV)
l, Bl n B2

14
T mm ) 2 Ve )

10. The fundamental solutions (Green functions) play an important role in solving problems of bending
of plates in the presence of point dislocations. Given these solutions, one can construct potential representations
in the form of integrals of displacement discontinuities distributed with unknown density, which ensure specified
displacement discontinuities along open or closed curves [7]. To determine the discontinuity density, one should use
conditions at the defect which yield one integral equation or a system of integral equations.

Let the plate contain dislocations that can be considered as discontinuities in displacements (deflections and
related tangential displacements). If the deflection w has a discontinuity, the stresses in the plate are determined
by formulas corresponding to the case of the point force P,; however, the constants A, should be determined
from the first system (2) in which the right-side vector-column f; (j = 1,4) has the components f; = w/(27i) and
fo = f3 = fa = 0. If the increments in tangential displacements w, +iw, are specified, one should set dy = w, /(271),
dy = wy/(2mi), and d3 = d4 = 0 in the right-side vector-column d; in (2) to determine B,,. In this case, the stresses
and strains should be determined by formulas that describe the action of a point bending moment.

569



M, /P

1
0
-3 0 3 y/d
Fig. 6
TABLE 1
M?\tlerial E1-107% MPa | E2-10"% MPa | E1/BE> | G-107* MPa | Mymax/F:
O.
1 27.610 27.610 1 11.044 0.3183
2 5.384 1.795 3 0.863 0.4398
3 27.610 1.104 25 0.552 0.7669

11. Some capabilities of the potential representations proposed are illustrated in Fig. 6, which shows
the distribution of the stresses M, over the cross section x = 0 of a half-plane (along the clamped edge) for
various orthotropic materials whose characteristics are listed in Table 1 (the numbers at the curves are the material
numbers). For all the materials considered, Poisson’s ratio is v; = 0.25. With an increase in the degree of orthotropy
E;/E5, the maximum stresses M, max at the clamped edge increase (see Table 1). At the same time, the stresses
decay more rapidly with distance from the projection of the point where the force P, is applied onto the line z = 0.
In the case of an orthotropic half-plane, one can obtain the following expression for the stresses along the clamped
boundary:

|N1 ‘QP z

M, = ———= < arctan
2T

(y —m)(e®+ 5% —&a (y —n)(e® + 5°) + &a
3 arctan 1% )

For an isotropic material (M max = P./7), this result can be obtained from either solution (3) or the latter formula
by using the limiting values of the anisotropy parameters (o — 0 and § — 1).
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